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ABSTRACT:; A generalized van der Waals or density gradient theory of interfaces has been combined with
a compressible lattice theory of homogeneous fluid mixtures. Binary liquid-vapor and liquid-liquid systems
are treated. For nonpolar low molecular weight mixtures, liquid-vapor tensions are calculated as a function
of composition with an error of less than 5%. These calculations involve no adjustable parameters; all required
parameters are determined from pure-component properties. For polymer solutions, it is usually necessary
to introduce an adjustable interaction parameter to accurately correlate liquid—vapor tensions. Approximate
equations for the interfacial tension and thickness between two immiscible, high molecular weight polymer
liquids have been obtained. These equations are a function of a single interaction parameter; when this parameter
is chosen to match experimental tensions, interfacial thicknesses of 1-5 nm are obtained. To assess the
importance of compressibility effects, the interaction parameter can be chosen so that the heat of mixing is
zero for an incompressible system. This “pure compressibility approximation” works well fo; polymer pairs
with relatively low interfacial tensions. The most serious deficiency of the theory is that intramolecular

correlational effects present in long polymer chains are only crudely approximated.

I. Introduction

In a previous paper,! hereafter referred to as I, a theory
treating the liquid-vapor interface of pure liquids and
polymer melts was presented. This theory was developed
by combining the lattice fluid (LF) model??® with the
density gradient theory®® of inhomogeneous systems. For
nonpolar and slightly polar molecules, this theory was
found to work remarkably well. In the present paper, the
treatment is generalized to n components, and the results
are compared to experimental data for binary liquid-vapor
and liquid-liquid systems.

The interfacial properties of binary systems, particularly
polymeric ones, have received considerable attention from
theorists!®!® in recent years. An accurate description of
polymer interfaces is important because phase separation
and immiscibility are the rule rather than the exception
for polymer mixtures. In commercial phase-separated
polymer blends the interfacial tension is a crucial factor
in the adhesive bonding between phases. In addition, the
interfacial tensions of poymer solutions are of interest for
such applications as enhanced oil recovery.

Section II contains a simple derivation of the general
interfacial tension theory for n components. In section III,
the LF model for binary mixtures is summarized, and
section IV describes the form of the interfacial tension
equations for binary systems. Numerical results for binary
liquid—vapor systems are discussed in section V. In section
VI an approximate theory of poymeric liquid-liquid in-
terfaces is presented. The reader may benefit by first
reading section VII, the Discussion.

I1. General Interfacial Tension Theory

The interfacial tension, +, for a planar interface can be
defined as

v=(A-A4A)/So (1)

where S; is the surface area, A is the inhomogeneous
system’s Helmholtz free energy, and A, is the Helmholtz
free energy of a hypothetical homogeneous system of the
same density and composition. In order to evaluate A, we
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adopt the standard assumption”® that the entropy of the
inhomogeneous system is only a function of the local
density and independent of density gradients. For polymer
molecules, the validity of this assumption is expected to
be limited. A detailed analysis of this limitation is pres-
ented in the Discussion.

Effects of density gradients on the potential energy, E,
are evaluated in a mean-field approximation. The po-
tential energy per unit volume, V, and position R for an
n-component system with pairwise additive interactions
can be written as

ER)/V = 1/DESq®) (2)

where ¢; is the interaction energy of components i and j
and is given by

&(R) = pi(R) [ oi(R + s)uy(s) ds ®)

p; and p; are the densities of components i and J, s = |s|
is the intermolecular distance, and v;; is the intermolecular
interaction potential, which is assumed to be spherically
symmetric. Now p;(R + s) is expanded in a Taylor series
around s = 0

piR +8) = pi(P) + (8:V)p; + (1/2)(8:V)%; + ... (4)
Substitution of eq 4 into eq 3 and subsequent integration
yields
& = —pi(R)p;(R)x’ +
o) [ (s:9)p; + (1/D(89)%; + .Ju;(s) ds (5)
with
ki) = —4n f ius2u,-j(s) ds (6)

where o, is the repulsive core volume between components
i and j. Since u;; is spherically symmetric, it is an even
function of s,, s,, and s,, so that the integral in eq 5 has
the following properties:

&V uys)ds =0 bodd
f(s-V)"pju,»j(s) ds = 0

After integration eq 5 becomes

(7

b even
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& = —pi(R)p; Rk’ - p(R)V%;(R)x” + ... )]
with

kg = -2 /3 f fs“ui,‘(s) ds ©)

Neglecting fourth- and higher order terms in eq 8 is the
usual gradient approximation.®® Defining the local
Helmholtz free energy density ay(R) as

a()(R) = —(1/2)Z§:P;(R)PJ(R)K0U - TS(p11p2,---,pn) (10)

where T is the temperature and S is the entropy per unit
volume, results in the following expression for the Helm-
holtz free energy density of an inhomogeneous system:

a(R) = ay(R) - (I/Q)Z;m(R)Vzpj(R)Kz” (11)
The total Helmholtz free energy for a system with a planar
interface of area S, and volume LS, is
L/2 g
A=5f lax) + (1/DTTpix) dipy(x)/ds? i) dx
(12)
Integration by parts of the second term in the integral
leads to further simplification (dp;/dx — 0 as L — «)
L/2 .
a=S | 1a0®) + (/DT Tnsi(dp,/dx)(do;/ d)] d
(13)

The final expression for the interfacial tension is
v= .[:[A“ + (1/2L 0 (dpi/d)(dp;/d)] dx - (19

where
Aa =ay(x) -A,/V
= aglx) - Lpis)us + P, (15)

u;® is the equilibrium chemical potential and P, is the
external pressure.

Minimization of eq 14 yields n-coupled differential
equations (Euler-Lagrange equations)

aAa/api - (1/2)ZK2U d2pj/dx2 =0
J (16)
i=12,..,n

Multiplying the differential equations by dp;/dx and
summing over species ! yields

d A de [ 9o _
a[Aa—(l/Z)zi:;KQ"(d—x)(d—x)] =0 (17a)

which upon integration yields
Ag = (1/2)Z?K2ij(dpi/dx)(dpj/dx) (17b)

The equilibrium tension can thus be expressed as
=TT f _(dp;/dx)(dp;/dx) dx = 2 j‘ Aadx (18)

Equation 18 was first derived by Bongiorno, Scriven, and
Davis® by a different procedure. For a single component
these equations reduce to the well-known Cahn—Hilliard
equations’ which were employed in I. The derivation given
above is quite general, and the resulting expression for the
interfacial tension can be applied to any mean-field fluid
model which provides an expression for the equilibrium
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chemical potential and a specific form of the intermole-
cular interaction potential.

II1. Lattice Fluid Theory

The generalized version of the LF theory as applied to
mixtures has been described in detail elsewhere.?! The
model is evaluated in a mean-field approximation and is
formally similar to the Flory-Huggins model of polymer
solutions, except that the lattice contains an equilibrium
number of vacant sites. This compressible lattice model
is thus able to describe density-related phenomena such
as lower critical solution temperatures.

In the LF model, three parameters, either ¢*, v*, and r
or T*, P*, and p* serve to characterize a pure component.
These parameters are related by the following definitions:

T=T/T* Tr=e/k (19)
P=pP/p* Pra/u* (20)
Val/p=V/V*  V*=N(rv¥) = NM/o*) (21)

where ¢* is the total interaction energy per mer, v* is the
close-packed mer volume, V* is the close-packed volume
of the N r-mers, p* is the close-packed mass density, and
M is the molecular weight. T, P, §, and 5 are the reduced
temperature, pressure, volume, and density and T, P, and
V are the temperature, pressure, and volume. The three
parameters required to describe a fluid can be readily
calculated by using PVT data and have been tabulated for
a large number of low molecular weight fluids? and a
number of common polymers.*?

In the description of a binary mixture, “combining rules”
are invoked to describe the interaction energy between
unlike mers and the close-packed volume per mer. The
combining rules used in this work are given below

e12* = {leg *ege™)1/2 (22)
¢,* is the interaction energy between mers of types 1 and
2, and the close-packed volume per mer of the mixture is

p* = ¢1U1* + ¢2U2* - ¢1¢26(U1* + 1)2*) (23)
¢, and ¢, are the mer fractions of components 1 and 2, and
{ and 6 are dimensionless parameters which can be eval-
uated by using an enthalpy and volume of mixing or a
critical solution temperature and its critical composition.

The chemical potential for component 1 in a binary
mixture is?!

p = RTn ¢ + (1 - r1/roddg} + rixieds®  (24)
where

X1z = pX12/RT + (Po/ T + v)6 + ¢57%p/ Ty +
Po/Ty+0[(1-5)In(1-p) + (B/ry) Inp]} (25)

X1 = (Pi*Py*)V 2 *(vg* /v*)a + byob + 1269 (26)
a=(r/0)12+ (/2= (12 + yVYH¢ 27
by = {912 + o) (72 = §) — $2(5 — VB2 + »71Y)

(28)

c1a = da(7V2 = (L + v) (V12 + vV (29)
= * ¥ = T * T *

T= €%/ e */ Ty (30)

v = % /0% = 0113/ 0958

Exchanging subscripts in eq 24-30 will result in the
chemical potential for component 2. Also notice that these
equations simplify considerably for = 0.

The equation of state of the system can be obtained by
minimizing the total free energy with respect to the re-
duced volume, resulting in
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P+P+Thn-p+0-1/np=0 (3D

This equation is formally identical with the equation of
state of a pure system,? but v* is given by eq 23 and the
other two characteristic parameters are

e = (1 20*e* + d1Pa(U* + %) X
(1 + 8)¢(e11*ex0*) /2 + pp2va*ene*) /U* (32)

ra(¢,/r+ éy/ra)t (33)

The equation of state defines the value of p which will
minimize the free energy for given P and 7.

For two components, given €*, v*, r, and the two mixing
parameters ¢ and 6, the LF chemical potential and equa-
tion of state can be used to calculate the phase diagram.
For a miscible liquid-vapor system, the composition in the
vapor phase and the vapor pressure can be calculated at
any liquid composition. The compositions of the two liquid
phases present in a phase-separated system can also be
calculated at a given temperature and pressure. Such
calculations are carried out by equating the chemical po-
tentials of each component in the two phases.

IV. Interfacial Tension Theory for Binary
Mixtures

For a binary mixture, the governing equations for the
interface may be written

v Iw{Aa + (1/2)[k1101* + 2k190102" + K3gp2""]} dx

(34)
subject to
dAa
B0 k111" — K1zpy” = 0 (35a)
01
dAa
P k12p1” = Kgopg” =0 (35b)
P2

where the following simplified notation has been intro-

duced:
Kij = KZU (36)
p!’ = d?%;/dx? (37

We will use an inverse power law for the attractive part
of the mer—-mer interaction potential

p/ = dp;/dx

u;i(s) = o s < oy

i ] ij (38)
u,‘j(S) = —Eol](Jij/S)m s 2 0ij
In general, the exponent m depends on the i,j interaction
so that from eq 9, we obtain

Kij = 2¢*0;%%;; (39)
where
€;* = 2meg /(my; - 3) (40)
and
Kj = [(my - 8)/(my; - 5)]/6 (41)

Making the identification ¢ = v;*, the cross term «;, can
be evaluated by using the combining rules

kg = 28(er*epe®) V2 Ya(0r* + 02*)(6 + D]¥ %y (42)

Alternately, «;, can be treated as an adjustable parameter.
As shown by Carey,'®%2 a useful simplification in the Euler
equations can be achieved when «;, is assumed to be given

by
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kiz = (ky1Kgo)/? (43)
Equation 35 then reduces to the algebraic form
K221/2(6Aa/6p1) - K111/2(6Aa/0p2) =0 (44)

Both methods of evaluating x;, have been employed, with
special emphasis on the latter, due to the considerable
simplification afforded by eq 44. For convenience in the
discussion which follows, we define the dimensionless
parameter

w = Ky/ (ky1Kp0) /2 (45)

which expresses the deviation of x;, from the geometric
mean approximation.

« = 1 represents the upper limit of permissible values
for x;5. This can be seen by examining eq 17 for a binary
mixture

Aa = (1/2)[k1101? + 2k1901'p2 + Kka905"7] (46)

Clearly, if v is to be positive, Aa must be positive, so that
the quadratic form on the right-hand side of eq 46 must
be positive definite. Since the x derivatives of p; and p,
can be either positive or negative, ;2 < (kj420)1/% or
equivalently w < 1 is a necessary condition if the quadratic
form is to be positive definite.

Numerical and analytical analysis is facilitated by
transforming the equations from x space to p space.® Such
a transformation changes the limits of the integral in eq
34 from infinite to finite. Equation 46 can be rewritten

as
1/2
] (47)

by = :i:[ 2Aa
' k11 + 2eo(doa/dpy) + za(dpy/dpy)?

Using this result to effect a change of variables in eq 34

yields

o
y = 21/2}:; [k + 2x5(dpy /dpy) +
x39(dpy/dpy)?]/2Aa? dp; (48)

where I and II refer to the two equilibrium phases.
Equation 47 can also be formally integrated to yield the
interfacial tension profile

X — X9 =

1(2)
J::p(:c ) (k11 + 2x15(dpy/dpy) + Kzz(dpz/dp1)2]1/2Aa_1/2 dpy
49)

When the geometric mean approximation is used for «;,,
eq 44 is the minimization condition for eq 48. If xj, is not
equal to the geometric mean, eq 35 must be used, which
reduces in p space to

(k11 + 2x19(dpg/dpy) + xaa(dpo/dpy)?][(dAa/Bps) X
(k11 + k19(dpy/dpy)] — (8Aa/Bpy)[K1g + Kkao(dpe/dpy)]] -
(d%05/dp ®)[2A0(ky 1K ~ k12)2] = 0 (50)

Although the equations lose their symmetry and look much
more complicated in p space, a great deal of computational
simplicity is gained from this transformation.

Another simplification which applies only in the case
where «;, is assumed to follow the geometric mean has been
employed in some cases. If one defines a variable

® = k119112 + kpopg!/? (51)

the interfacial tension relationship may be written

U
v=22f ad¥? de (52)
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Figure 1. Interfacial tension vs. mole fraction for benzene-n-
hexane at 25 °C. Experimental values were taken from ref 29.
The theoretical line was calculated with the following parameters:
6 = -0.0027, { = 0.9688, %;; = Ry = 0.62, and w = 1.

and solved subject to eq 44. Care must be exercised in the
use of this transformation, since integrating over ¢ from
®! (i.e., ® evaluated at p,' and p,!) to ! implies that & is
monotonic. While this is usually true for well-behaved low
molecular weight mixtures, there is no guarantee that a
smooth profile will result when this assumption is used.
The profiles must thus always be monitored simultane-
ously as a check on such a calculation. A detailed dis-
cussion of the numerical techniques employed to solve the
interfacial problem for a binary mixture in the various
approximations can be found elsewhere.?

For the LF theory, the number density of mers, p;, is
identified as

pi = ¢ip/U* (53)

Using this definition along with eq 15, we obtain for the
general combining rules

Aa=e*p/v¥-p+ TH(O-1DIn(1-p)+A/r)Inp+
{¢1/r) In ¢y + (¢9/r) In @ol} +
P, = p/v*(¢1u,° + ¢daus®) (54)

The pf must be given in units of energy/mer. Equations
34 and 35 can thus be solved by several methods of varying
complexity. For liquid—-vapor systems, results obtained
with w = 1 were found to differ little from those calculated
with w < 1. For liquid-liquid systems, on the other hand,
the results are very sensitive to the value of w.

V. Liquid-Vapor Interfaces

A. Low Molecular Weight Solutions. InI a constant
value of ¥ = 0.62 was found to reproduce the interfacial
tensions of a wide range of nonpolar and slightly polar low
molecular weight liquids over a large temperature interval
with an error of about 5%. As an initial assessment of the
theory for binary liquid-vapor interfaces, calculations were
performed by using the geometric mean approximation for
k12 (w = 1) and setting the %; equal to 0.62. The bulk
mixing parameters were set to the values given in Table
I, which were obtained from volume and heat-of-mixing
data.?2 Figure 1 compares the result of such a calculation
to experimental data® for the benzene-n-hexane system.
The maximum error in the predicted tension for this
mixture is about 5%. Results for the other three systems
listed in Table I show similar or slightly greater accuracy.

A part of the error observed for these mixtures is caused
by setting %; = 0.62. In order to separate out the error
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Table I
Mixing Parameters for Miscible Liquids
8 ¢ ref

benzene/n-hexane ~0.0027 0.9688 24, 25
cyclohexane/n-hexane -0.0041 0.9917 26, 27
benzene/cyclohexane 0.0004 0.9635 27,28
benzene/n-dodecane -0.0070 0.9521 24, 25

Table II

Interfacial Tension of Benzene-Cyclohexane at 20 °C
for Different Values of the Parameters?

7 caled» MN/m
¢=1.0
mole § =0.0001
fraction Yexpt = 5 ¢=1.0 {geom
benzene Np/m 5§ = 0 00 § =00 mean)

0.1282 25.00 24.87 25.21 25.22
0.2174 25,14 24.96 25.49 25.50
0.4874 25.84 25.45 26.44 26.48
0.6470 26.54 25.96 27.08 27.11
0.7814 27.20 26.64 27.70 27.72
0.9033 27.88 27.64 28.33 28.34

0.67,and w = 1.

¢ Kpenzene = 0.64, "cyclohexane
b Data taken from ref 26.

30

mN/m

20 1
0 .5 1.0

X benzene

Figure 2. Interfacial tension vs. mole fraction for benzene—cy-
clohexane at 20 °C with fitted end points. Experimental data
were taken from ref 29. The theoretical line was calculated with
the following parameters: 6 = —0.0004, { = 0.9635, Kpenzene = 0.64,
Rcyclohexane = 0.67, andw =1,

resulting from the mixture theory, we repeated the cal-
culations with pure-component ¥’s which yield the correct
pure-component surface tensions. Figure 2 illustrates the
type of agreement obtained for benzene—cyclohexane under
these conditions. The values of % required Were Rpenzene =
0.64 and % eyciohexane = 0-67. The maximum error is reduced
to 2% for ﬁns system. The decrease in the maximum error
for benzene-n-hexane (Rpenzene = 0.64, ¥pexane = 0.62) was
from 5% to 4.2% and for cyclohexane-n-benzene (%oyciohezane
= 0.67, % hexane = 0.65) from 4% to 2%. For the benz-
ene-n-dodecane system (Rpenzene = 0.64, %p-dodecane = 0.59)
the error remained about 1.5%.

Fitting the pure-component ¥'s introduces two additional
adjustable parameters into a calculation which is otherwise
capable of yielding predictions within 5% without param-
eter adjustment. For nonpolar mixtures setting the %’s
equal to 0.62 is quite adequate.

Unfortunately, the four mixtures discussed are the only
ones for which both mixing data and reliable interfacial
tension data could be located. We therefore investigated
the effect of setting ¢ equal to its geometric mean value
of 1 and § either equal to the arithmetic mean value of 0
or the value appropriate to the geometric mean. [If oy5 =
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Figure 3. Interfacial profiles for benzene-n-hexane at 25 °C.
Component 1 is benzene. The theoretical line was calculated with
a benzene mole fraction of 0.6 and the following parameters: 6
= -0.9927, { = 0.9688, %), = &y = 0.64, and w = 1.

(611”22)1/2, then § = [2(01*01*)1/2 - Ur* — Ug*]/ (ur* + v9%).]
The results of such calculations for benzene and cyclo-
hexane are shown in Table II. The same trends are ob-
served for the other three systems. For these nonpolar
systems, the use of w = 1, 6 = 0.0, and ¢ = 1.0 results in
reasonable predictions, although somewhat less accurate
than those obtained with fitted values of 5 and {. Since
the numerical solution of the interfacial equations with w
< 1 requires about twice the computational time of the
solution with w = 1, the latter was used for all further
liquid-vapor calculations.

In the further examination of the present mixture the-
ory’s predictions, the concept of an “ideal” interfacial
tension, 7,4, is useful. This quantity is defined by

Yid = X171 + X272 (55)

where x; are mole fractions. In general, experimentally
observed tensions of mixtures fall below y;q. Such negative
deviations are associated with the preferential adsorption
of the lower tension component at the interface. Figure
3 shows the calculated interfacial profiles for benzene-n-
hexane at 25 °C. These profiles clearly demonstrate the
ability of the present theory to predict preferential ad-
sorption phenomena.

The system benzene—n-dodecane exhibits an extremely
negative deviation from v;3. Schmidt and Clever®®? at-
tempted to explain the unusual shape of the experimental
benzene-n-dodecane curve by postulating a layer of n-
dodecane molecules oriented perpendicularly to the sur-
face. They advanced a similar picture to account for the
positive deviation from v;4 in n-dodecane-n-hexane mix-
tures. The present theory correctly predicts both the shape
of the benzene—n-dodecane curve and the positive devia-
tion for n-dodecane—n-hexane, without invoking orienta-
tional effects. Positive deviations from v;4 are particularly
puzzling, since energetic arguments cannot provide a basis
for such results for nonpolar mixtures. We found, however,
that the observed positive deviations for the n-dodecane-
n-hexane mixture can be removed if the size difference
between the molecules is taken into account. Recalling
the definition of the mer fraction (physically, it is roughly
equal to the volume or weight fraction of the component)

d>i=r,-N,'/rN (56)

we define a new ideal surface tension based on mer frac-
tions

Yid = 0171 + dove (57

and plot the experimental and theoretical values of ¥ vs.
¢1. Figure 4 shows this plot. The semidashed line rep-
resents eq 57. Both the data and the calculated line now
exhibit a small negative deviation from the ideal value.
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Figure 4. Interfacial tension vs. mer fraction for n-dodecane—
n-hexane at 30 °C. Experimental data were taken from ref 30.
The theoretical line (solid) was calculated with the following
parameters: & = 0.0, { = 1.0, %n-dodecans = 0:59, Fn-nezane = 0.62, and
w = 1. The semidashed line is the ideal tension given by eq 57.
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Figure 5. Interfacial tension vs. mer fraction for benzene-n-
dodecane at 40 °C. Experimental data were taken from ref 31.
The broken line was calculated with § = 0.0 and { = 1.0. The
solid line was obtained from § = -0.0070 and ¢ = 0.9521. For both
calculations, %,.dodecane = 0:59, %penzene = 0.64, and w = 1, The
semidashed line is the ideal tension given by eq 57.

The moral here is that molecules in a mixture contribute
to the surface tension not according to their number but
according to their number and size. This is the essential
conclusion of the monolayer theory for polymer solutions
as originally formulated by Prigogine and Marechal.??

When the benzene-n-dodecane data are plotted in terms
of mer fractions, the negative deviations from ideal be-
havior are somewhat less extreme, but still sizable. Figure
5 compares the data to the values calculated with § =
—0.0070 and ¢ = 0.9521 (solid line) and to those calculated
with 6 = 0.0 and ¢ = 1.0 (broken line). Clearly, the theory
is only able to predict the data well using the fitted mixture
parameters. Thus, the present theory suggests that the
unusually large negative deviations in this system are re-
lated to the relatively large deviation from ideal mixing
behavior. This idea is further supported by qualitative
differences in the calculated density profiles. For § =0
and ¢ = 1.0 the density profiles are monotonic, whereas
for the fitted parameters, an adsorption peak appears in
the n-dodecane profile. The less favorable mixing param-
eters lead to a lower interfacial tension because the ad-
sorption of the n-dodecane in the interfacial layer mini-
mizes the number of unfavorable interactions between
benzene and dodecane. The present theory is thus able
to predict the dependence of the interfacial tension-com-
position behavior farily accurately for low molecular weight
binary mixtures by accounting for size differences and the
effect of unfavorable unlike contacts.
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Figure 6. Interfacial tension vs. volume fraction for toluene-
poly(dimethylsiloxane) at 24 °C. Experimental data were taken
from ref 33. The theoretical line was calculated with 6 = 0.0, ¢
= 1.0, %iouene = 0.62, Zppms = 0.49, and w = 1.
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Y
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Figure 7. Interfacial tension vs. volume fraction for tetralin-
poly(dimethylsiloxane) at 30 °C. Experimental data were taken
from ref 34. The theoretical lines were calculated with & = 0.0,
Kietralin — 0.77, ppMs = 0.49, and w = 1.

B. Polymer Solutions. An interesting aspect of
polymer solution interfacial tension derives from the ex-
perimental observation that a polymer added to a solvent
of higher tension behaves like a surfactant. In other words,
the polymer depresses the interfacial tension drastically
at very low polymer concentrations. Figures 6 and 7
compare the experimental data to the theoretical predic-
tions for two systems of this type. & was set equal to 0.0
for these calculations. The fit obtained for the toluene-
poly(dimethylsiloxane) system with { = 1.0 is excellent,
whereas for the tetralin—poly(dimethylsiloxane) system,
¢ = 0.973 must be used in order to accurately represent
the data. Equally good fits have been obtained for the
same sets of data by Gaines’ monolayer theory.®® The
values used for the monolayer theory’s fitting parameter,
x, were 0.106 for toluene—poly(dimethylsiloxane)® and 0.85
for tetralin—poly(dimethylsiloxane).®* In both theories, the
interaction parameter used is thus indicative of a less
favorable energetic interaction for the tetralin solution.

Figure 8 shows the calculated interfacial profiles for
tetralin—poly(dimethylsiloxane) at 0.8 volume fraction of
tetralin. For this system, we again observed an increasing
adsorption peak with decreasing values of { as in the
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Figure 8. Interfacial profiles for tetralin—poly(dimethylsiloxane)
at 30 °C. The volume fraction of tetralin was 0.8. Other pa-
rameters were 6 = 0.0, { = 0.973, Repraiin = 0.77, %ppms = 0.49, and
w=1

benzene—n-dodecane case. In contrast to n-dodecane, the
poly(dimethylsiloxane) profile exhibited an adsorption
peak even at { = 1.0. We also observed that the maximum
in the polymer adsorption peak decreased only slightly as
a function of increasing tetralin volume fraction, which is
consistent with the almost flat tension curve.

The predictions of the present theory for polymer so-
lutions are comparable in accuracy to Gaines’ monolayer
approach. However, the conceptually unsatisfying re-
quirement of a single surface layer containing polymers
whose conformations are confined to this layer is avoided.
In addition, explicit predictions of the interfacial structure
can be made.

V1. Liquid-Liquid Interfaces

Extension of the theory to liquid-liquid interfaces is
difficult for two reasons: First, most low molecular weight
mixtures that phase separate contain at least one highly
polar component.®® As discussed in I, the theory breaks
down for polar liquids. A second reason is that LF theory
is a mean-field theory which incorrectly describes the shape
of the coexistence curve near the critical temperature.
Thus, when LF theory is used in conjunction with the
gradient theory, it yields a classical mean-field exponent
of 1.5 for the dependence of the interfacial tension on T
- T.2 The correct exponent is between 1.2 and 1.3.38

For the above-mentioned reasons, we only expect the
theory to work well for nonpolar or slightly polar liquids
far away from a critical point. The best examples of such
systems are polymer/polymer liquid mixtures. With these
systems, however, other difficulties arise. The calculated
phase diagrams are extremely sensitive to the values of the
interaction parameters (¢ and 4). Also, we assumed from
the outset that the entropy in the interfacial region is
independent of concentration gradients. This is a serious
approximation for polymeric systems. Thus, in its present
form, the theory is being pushed to its limits when it is
applied to a polymer/polymer interface.

To examine the theory for polymer/polymer interfaces
we set 8 equal to the appropriate mean value and w = ¢.
Figure 9 illustrates the molecular weight dependence of
the tension and interfacial thickness predicted by theory.
The curves were calculated for polyethylene/polystyrene
with { = w = 0.98 and r; = r, = r. The thickness ¢t was
defined as

t = (dx/dp1)s=1/2 (58)

where 7, is the mer density of component 1 reduced by the
equilibrium value of p; in the phase in which component
1 dominates. As r decreases, mixing becomes more fa-
vorable until at some critical value of » (in this case ~100)
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Figure 9. Interfacial tension and thickness as a function of
molecular weight for linear polyethylene—polystyrene at 140 °C.
The curves were calculated with § = -0.0110, w = 0.98, &, pg = 0.52,
%pg = 0.57 at 50/50 composition.

the system becomes completely miscible. Consequently,
the thickness must go to infinity and the tension must go
to zero with decreasing r. The rapid change in both
quantities as r exceeds the critical value followed by an
asymptotic dependence at large r is qualitatively in
agreement with Roe’s lattice theory.!® If the value of {is
decreased, the critical r decreases, and the asymptotic
values of the thickness and tension decrease and increase,
respectively.

As Figure 9 suggests, the interfacial tension between two
polymers approaches an asymptotic limit as the molecular
weight of the two polymers becomes very large. Also for
two immiscible polymers, the solubility of polymer A in
polymer B is proportional to M7}, where M, is the mo-
lecular weight of polymer A. Similarly, the solubility of
B in A is proportional to Mg™!. Therefore, as M, and My
become very large, the two phases approach pure A and
pure B.

We can take advantage of these results to obtain an
approximate analytic formula for the interfacial tension
and thickness of two infinite molecular weight polymers.
To this end, the first approximation that we shall make
is to assume that the density through the interface varies
linearly with composition; i.e.

dp/dp; = constant = 1 + dp,/dp, (59a)

The constant in eq 59a can be determined by integrating
and results in

dp/dp; = (0,° = po% /0:° (59b)
dpy/dp; = —pz°/p1° (59¢)

where p,? and p,° are the mer densities of the pure com-
ponents 1 and 2

B/ v* (60)
Equation 59 replaces eq 35.
Substituting eq 59 into 48, we obtain
‘Y 3
1
21/2[('<111/2/01°)2 - 2K12P10P20 + (K221/2P20)2]1/2j; A/ dp,
(6la)

For simplicity in what follows we assume that &; = 1/, (the
value appropriate for an R attractive potential) and § =
0 so that with the help of eq 39, eq 61a becomes

p?
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1
¥ = (2"‘0)1/2(71*72*)1/4(01*02*)1/12j; Aa'/? dp, (61b)

where %, is the dimensionless quantity
o = T/2HE 2 — 2up By + 7TV AN/, (62)

w is defined by eq 45 and the +;* are the characteristic
surface tensions of the pure components

v* = e* /(0% = Proy (63)
From eq 54, Aa is given by
Aa = p/v*[a(@,T)e* - 1a(, Ten* — 62a(Ba, Todexs*]
(64)
where
ap,D=-p+TA-2)In(1-p)/p (65)

The values of 5, and p, are determined from the equation
of state, eq 31, at their respective reduced temperatures
T, and T, with r — « and P = 0.

Aa will reach its maximum value near p = (p,° + p,0)/2.
Therefore, the integral in eq 61 can be approximated by
(Aay;9)'7?/2, where

A01/2 = Aap=(ml)+p20)/2 (66&)

(Since p =p + po = p/v* and ¢; = p,/p, eq 66a becomes
6=0)

Aayyy =
1/251/2{0(51/2,7'1/2)13* - [a(p1, 70 P* + a(po, T2)8,Py*1}
(66Db)
where
P12 = (B + P2 /2 (87)
0:=1-06,=p,/(p + B9 (68)

P* = 812P1* + 022P2* + §'(1/1/2 + V-1/2)0102(P1*P2*)1/2 (69)

N ~ ﬁly-l/z + bzvl/Z (Pl*P2*)l/2
T1/2 =

— (1 T2 (70
pr + Be P e (70
Finally, our approximate equation for the interfacial ten-

sion of two polymers of very high molecular weight be-
comes

¥ = Yo(2RoAGy5y1*y2*) /2 (71)
where Ad;, is a dimensionless free energy defined by
Adyjp = Aayjp/ (Py*Py*)1/2 (72)

From eq 47 and 58, the thickness of the interfacial region
is given by

t = (ko/ 248 5)(v1*v*)"/8 (73)

Polymer /polymer interfacial tensions and thicknesses
can now be easily calculated from eq 71 and 73 once values
of { and w are provided. We will assume that w = 0 and
justify this choice in the Discussion.

In Table III we present the values of the interaction
parameter { required to reproduce the experimentally
observed interfacial tensions for several polymer/polymer
mixtures, Table IV contains the pure polymer parameters
used in the calculations. The calculated thicknesses from
eq 73 are also shown. Notice that most thicknesses are
between 1 and 5 nm, which are comparable with those
calculated from the theory of Helfand and Sapse.l* The
calculated tensions are very sensitive to the chosen value
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Table II1
Calculated Interaction Parameters
and Interfacial Thickness

Yexpts ATy X tealeds
polymer pair mNp/m ¢ 102 Ko nm
PS/PMMA 1.7 0.9947 0.24 1.62 5.7
PnBMA/PMMA 1.9 10028 031 1.55 5.0
PhBMA/PVAc 2.9 09952 0.78 1.46 3.2
PS/PVAc 3.7 09756 1.27 1.54 2.5
PnBMA/PDMS 3.8 1.0180 2.1 1.36 1.9
PIB/PDMS 4,2 1.0025 295 137 1.6
b-PE/PDMS 5.1 1.0010 4.2 140 1.4
1-PE/PnBMA 5.3 0.9928 265 1.561 1.7
1-PE/PS 59 0.9854 34 159 1.5
PS/PDMS 6.1 0.9985 5.6 1.46 1.2
PV Ac/PDMS 7.4 1.0050 7.65 1.33 1.0
PIB/PVAc 7.5 09770 5.65 1.47 1.2
I-PE/PMMA 9.7 0.9835 7.52 1.57 1.0
I-PE/PVAc 11.3 0.965 11.3 1.48 0.8
@ Data at 140 °C from ref 17.
Table IV
Equation-of-State Parameters¢
LT
T, mN/ cm®/ mN/ o at
K m?  mol m 140 °C
poly(dimethyl- 476 302 13.1 84 0.759
siloxane)
poly{vinyl 590 509 9.6 128 0.845
acetate)
polyisobutylene 643 354 15.1 104 0.872
polyethylene 649 425 127 118 0.875
(linear)
polyethylene 673 359 15.6 106 0.885
(branched)
polystyrene 735 357 17.1 109 0.906
(atatic)
poly(methyl 693 503 11.5 134 0.894
methacrylate)
poly(n-butyl 627 431 121 117 0.864
methacrylate)

@ Reference 5.

of the interaction parameter {. So although most { values
are about 0.99, there is no universal value of { that can be
used for all pairs.

For an incompressible lattice, p; = py = 12 = 1, a(p; =
1,T) =-1, and, by eq 66b, Aa,/, ~ AP*, where AP* is given
by

AP* = Pi* + Po* — {12 + U (P* P92 (74)
Now AP* = 0 if { = {, where
(r/v)Y2 + (r/v) 12
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For this value of ¢, the heat of mixing is zero for an im-
compressible system. To assess the importance of com-
pressibility effects we have calculated tensions for { = {,
which are shown in Table V. Calculated tensions are
compared to experiment and to those of Helfand and
Sapse.!* None of the polymer pairs involving linear
polyethylene are included in Table V because the calcu-
lated tensions were uniformly too low. In general, this
“pure compressibility approximation” appears to work well
only for polymer pairs with low interfacial tensions (less
than 6 mN/m) or, equivalently, for pairs where unfavor-
able energetics can be ignored.

VII. Discussion

A generalized van der Waals or density gradient theory
of interfaces has been combined with a compressible lattice
theory of homogenous fluid mixtures. This combined
theory has been examined in some detail for binary sys-
tems. For binary mixtures there are three gradient coef-
ficients: ;1 ko9, and x;,. The pure-component coefficients
k31 and kg are determined from pure-component data.

For liquid-vapor interfaces, good predictions of inter-
facial tensions are obtained for low molecular weight so-
lutions and polymer solutions with the cross coefficient set
equal to the geometric mean: ;p = (kjjxee)/20or w = 1. For
nonpolar low molecular weight mixtures, liquid—-vapor
tensions are calculated to within 5% for the systems in-
vestigated. These results are similar to those previously
obtained by Carey et al.1%% by combining the gradient
theory with the Peng—Robinson equation of state. For
similar sized hydrocarbons, these authors found agreement
to within 2%. However, this theory cannot be extended
to polymer systems.

In some cases, calculated density profiles indicate
preferential adsorption of the lower tension component.
By accounting for molecular size differences and unfa-
vorable energetic interactions between unlike components,
the theory can describe “anomalous systems” without in-
volving ordered surface layers.

Calculated tensions of polymer solution liquid-vapor
interfaces are comparable to those obtained by the mon-
olayer theory of Gaines.?> However, the present theory has
the advantage of yielding a density profile.

For liquid-liquid interfaces, the theory is less successful.
We have only considered polymer/polymer liquid mixtures
far away from any critical point. In this case we set «;, =
0 or w = 0. Our rationale for setting the cross coefficient
equal to zero is related to our original assumption that
concentration gradients affect energies but not entropies.
If this assumption is removed, then the «; are related to
second moments of their corresponding direct correlation

o = (75) functions.®37 Thus, the magnitude of «; is proportional
pH2 4 12 to a correlation distance (squared), whereas in the present
Table V
Comparison of Theoretical and Experimental Surface Tensions
Y caleqr MN/m tealed, DM
pure pure
compres- compres-
Vexpts sibility Helfand and sibility Helfand and
polymer pair mN/m approx Sapse!* approx Sapse!* ¢
PS/PMMA 1.7 1.0 0.3 10.0 16.0 0.9951
PnBMA/PMMA 1.9 2.0 1.5 4.8 2.9 1.0027
PnBMA/PV Ac 2.9 1.2 3.0 8.0 1.6 0.9970
PS/PV Ac 3.7 4.0 1.9 2.3 3.1 0.9751
PnBMA/PDMS 3.8 4.6 3.2 1.6 1.3 0.0150
PIB/PDMS 4.2 4.6 1.5 1.0007
b-PE/PDMS 5.1 5.4 1.3 0.9999
PS/PDMS 6.1 6.8 1.1 0.9947
PVAc/PDMS 7.4 3.8 7.2 2.0 0.8 1.0224
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theory it is proportional to the second moment of an in-
termolecular pair potential (see eq 9 and 39).

Within the context of the compressible lattice model
that we used, the correlation distance is between chain
segments or “mers”. The intrinsic connectivity of a
polymer chain introduces strong mer-mer correlations. For
example, in an ideal Gaussian chain, the intramolecular
mer—mer correlations fall off as R (R = distance); in a
chain with excluded volume the correlations fall off as R 3
as shown by Edwards.?® In the undiluted bulk phase lig-
uid, the intramolecular mer—mer correlations are very short
ranged because intermolecular mer-mer interactions
“screen” the intramolecular excluded-volume effects,®4
The “blob model” of Daoud*!*? is a very convenient me-
thod of conceptualizing these correlations.

The salient point is that correlations among mers be-
longing to the same chain (self-correlation) can be very long
ranged, whereas correlations among mers belonging to
different chains, in which the connectivity constraint is
absent, will always be shorter in range. Since the relative
density of a polymer varies from 1 to 0 through a poly-
mer/polymer interface and because self-correlations be-
come strong in the dilute limit, the average values of «y,
and «g should be much larger than the cross term x;,. We
say average values because in the rigorous theory,?3? the
gradient coefficients are not constants but vary with con-
centration in the interface. Setting x;; = 0 or w = 0 is our
crude attempt to take into account these intramolecular
correlational effects. We note parenthetically that the
Helfand and Sapse theory,'4 in its simplest form, is for-
mally a «;; = 0 type theory.

Equations 71 and 73 are approximate equations for the
interfacial tension and thickness between two high mo-
lecular weight polymers. In Table V calculated tensions
are compared with available experimental values and with
those calculated from the Helfand and Sapse theory.!
Also included in Table V are interfacial thicknesses as
calculated from both theories. The latter are usually in
the range of 1-5 nm for both theories. Our calculations
assumed w = 0 and { = {;, where {; is defined by eq 75.
This choice of the interaction parameter { is an energet-
ically neutral choice in that the calculated heat of mixing
is zero if it is assumed that the liquids are incompressible.
Thus, for this choice of {, the only contributions to the
mixture free energy arise from compressibility effects. This
“pure compressibility approximation” appears to work well
for polymer pairs that have relatively low interfacial ten-
sions.

Formally, the present theory of polymer/polymer in-
terfaces looks quite similar to that of Helfand and Sapse
(HS).}* Conceptually, however, they are quite different.
Gradient effects on the free energy arise from energetic
considerations only in the present theory, whereas they
arise only from the intrinsic connectivity of a polymer
chain in HS theory. In the simplest version of HS theory
compressibility effects are ignored, whereas they play an
all-important role in the present theory.

Compressibility effects, which are associated with den-
sity variations through the interfacial region, completely
dominate liquid-vapor tensions.**** This explains why
the present theory works extremely well for both low and
high molecular weight solutions. For liquid-liquid inter-
faces, compressibility effects are less important, but we
contend that they cannot be ignored. Some evidence for
this assertion is found in Table V, where calculated ten-
sions are carried out in the pure compressibility approx-
imation ({ = {). In this approximation, all calculated
tensions would equal zero if the polymer liquids were
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treated as incompressible. However, allowing for density
variations through the interface yields small positive ten-
sions which are in good agreement with experimental
values of the polymer pairs shown in Table V.

Conceptually, the present theory more closely resembles
the theory of Nose.l? As in the present theory, Nose begins
with a mean-field gradient expansion of the free energy.
Energetic effects are taken into account similarly, but Nose
also approximately accounts for chain connectivity.
However, Nose completely neglects compressibility effects.

In our judgment all current theories of polymer/polymer
interfaces, including the present one, contain deficiencies.
A proper theory should not ignore the compressible nature
of polymer liquids (even though it is very small) nor can
it ignore the intrinsic connectivity of a polymer chain. The
latter affects the free energy not only in the interfacial
region but also in diluted bulk phases becauses it produces
inhomogenities.

To clarify this latter point it is convenient to discuss
inhomogenity in terms of size scales. At size scales much
larger than ¢, the polymer solution appears homogeneous
and monomer concentration fluctuations are small. For
size scales smaller than {, the solution appears inhomo-
geneous and concentration fluctuations are large. It is
obvious that { depends on the degree of interpenetration
between polymer chains. In a very dilute solution, ¢ will
equal the average distance between chain centers; in un-
diluted polymer, { is of order of the length of a monomer
unit. In semidilute solutions where chains on the average
strongly overlap with one another, { is less than the average
size of a chain but greater than the size of a monomer unit.
According to scaling arguments,’®*? in the good-solvent
semidilute range

§~ e (76)

where ¢ is the global monomer concentration. A charac-
teristic of { is that it is independent of molecular weight.
An important interpretation of ¢{, originally given by Ed-
wards® and later amplified by Daoud*#2 and de Gennes,®
is that it is also related to an intramolecular correlation
length. At size scales less than { a chain only interacts with
itself and correlations among monomers must be of the
self-excluded-volume type. At size scales larger than ¢, the
chain interacts with other chains and the self-excluded-
volume interactions are screened. Of course, through a
polymer/polymer interface, the { for each polymer con-
tinuously changes. In a mean-field theory,34 ¢ ~ ¢-1/2
and thus one might argue that the coefficient of the cor-
responding square gradient term should vary as ¢!, This
is the result obtained in HS theory!* (see their eq 3.2).
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Critical Exponents in Polymers: A Sol-Gel Study of Anionically
Prepared Styrene-Divinylbenzene Copolymers
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ABSTRACT: Anionic copolymerization of divinylbenzene (DVB) with styrene (St) leads at low ratios of R
([DVB]/[initiator]) to branched polymers which beyond R, = 15.1 form macroscopic gels. A sol-gel separation
has been carried out. Molecular weights M, and M, and radii of gyration (S?),'/2 of samples from the pregel
and postgel have been measured by light scattering and plotted as functions of ¢ = |1 - (1 - )R/ (1 - r)R,
where r, which could be determined from measurement of M, is the extent of ring formation of the second
double bonds from the DVB units. The critical exponents so far determinable by experiment tend to support
the Flory-Stockmayer (FS) theory rather than percolation theory. Because of the large extent of ring formation,
full agreement is not obtained with the classical FS theory, as expected, since this theory neglects the long-range
correlation effects associated with ring formation.
Introduction T, are the temperatures at a given and at the critical

Critical phenomena have been known since 1869 when
Andrews! reported a phase diagram of carbon dioxide.
Since then, a large number of critical systems have been
discovered in physics and in physical chemistry, and much
effort has been invested in a theoretical description of these
phenomena. Mainly two controversial concepts have been
developed. First and powerful success was achieved by
theories which are now called mean-field theories (e.g., the
van der Waals equation for the gas-liquid phase transi-
tion,? Weiss treatment of ferromagnetism,® and Flory-
Huggins theory for liquid-liquid phase transitions mainly
in polymers*®). With Ising’s famous treatment of one-
dimensional ferromagnetism® by a first-order Markovian
process, it has become more and more common to take into
consideration nearest-neighbor interactions and the re-
sulting cooperative nature of the critical phenomena.
Extension of Ising’s calculation to three-dimensional lat-
tices has challenged many scientists, but so far an exact
solution has only been found for the two-dimensional case
by Onsager.” Computer simulations and approximate
theories,®!! for instance, the scaling theory'? and, more
recently, the renormalization group theory,'®!4 have re-
vealed, however, some relationships between the so-called
critical exponents. According to these developments the
properties of a system depend, in the vicinity of the critical
point, on a function ¢ = (1 - T/T,) with exponents which
substantially deviate from the mean-field exponents (T and

0024-9297/81/2214-0370$01.25,/0

point). A large number of measurements give strong ev-
idence for these non-mean-field exponents.®11.15

The astounding similarity of these exponents in quite
different critical systems has led theoreticians to the hy-
pothesis of universality for all critical phenomena, With
this background, the recent interest of theoretical physi-
cists in gelation processes becomes understandable, be-
cause this process is now considered unanimously as a
critical phenomenon. It is useful, however, to stress the
difference of this gelation phenomenon from the critical
phenomena mentioned above.

(i) Most gelation processes in polymer science are, in
practice, irreversible; i.e., once formed, the gel cannot
simply be transformed into a solution by changing the
temperature within a short interval of e.

(ii) Gelation is not influenced by thermodynamic in-
teraction of nearest-neighbor monomeric units. Instead,
the process is controlled by kinetic equations and the re-
sulting probabilities or extents of reaction, a.

(ii1) The behavior of measurable quantities is determined
by a reduced parameter 1 — a/a, which takes the role of
¢ in the thermodynamic reversible critical phenomena.

Between 1941 and 1945 a theory of branching and ge-
lation of polymers was developed by Flory and by Stock-
mayer.'®20 This classical theory (hereafter FS) gives for
the f-functional random polycondensation a very satis-
factory prediction of the gel point and of the increase in

© 1981 American Chemical Society



